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Abstract

The Wronskian is a fundamental concept in the study of differential equations, especially
in analyzing the linear independence of solutions to systems of linear differential
equations. It is named after the Polish mathematician Jozef Wronski, who introduced the
concept in the 19th century. In its most basic form, the Wronskian is a determinant of a
matrix whose rows consist of a set of functions and their derivatives, up to a specified order.
This determinant plays a crucial role in determining whether a set of solutions to a
differential equation is linearly independent or dependent. In the context of second-order
linear differential equations, the Wronskian provides a method to determine if two
solutions are linearly independent, which is essential for forming the general solution to the
equation. For more general systems of linear differential equations, the Wronskian can be
used to test the linear independence of a larger set of functions, which is crucial for
constructing the solution space. The concept of the Wronskian extends beyond just second-
order equations. It has applications in higher-order differential equations, systems of linear
differential equations, and non- homogeneous equations. By providing a criterion for
linear independence, the Wronskian helps in understanding the structure of solutions to
differential equations and facilitates the construction of general solutions. The Wronskian
is also important in the study of fundamental sets of solutions, where a set of solutions is
said to be fundamental if it is linearly independent. If the Wronskian of a set of solutions is
non-zero, these solutions form a fundamental set, and any general solution to the differential
equation can be written as a linear combination of these solutions. Moreover, the
Wronskian can be used in the analysis of boundary value problems, where it helps in
verifying the uniqueness of solutions to linear boundary value problems. In nonlinear
differential equations, the Wronskian and its generalizations are used to study the behavior
and independence of solutions. In conclusion, the Wronskian is a critical tool in the theory
of linear differential equations. Its ability to test linear independence of solutions underpins
much of the structure of solutions to such equations. Understanding the Wronskian and its
applications is vital for advanced study in differential equations, particularly in formulating
solutions and proving the existence and uniqueness of solutions in various contexts.

Introduction

The Wronskian is a critical concept in the theory of differential equations, especially in
determining the linear independence of solutions to linear differential equations. Named
after the Polish mathematician Jéozef Wronski, the Wronskian is a determinant constructed
from a set of functions and their derivatives, providing important information about the
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solution space of linear differential equations. This thesis explores the role of the Wronskian
in the study of ordinary differential equations (ODEs), particularly its use in verifying the
linear independence of solutions, constructing general solutions, and analyzing the structure
of solution spaces. We will delve into its applications in second-order linear differential
equations, systems of linear differential equations, boundary

value problems, and higher-order differential equations, highlighting its importance in
various contexts.

The Wronskian of a set of functions provides a way to test whether these functions are
linearly independent or dependent. In the study of linear differential equations, the ability
to determine the linear independence of solutions is vital for constructing the general
solution to the equation. The Wronskian is a determinant formed from the set of solutions
and their derivatives.

The definition of the Wronskian for two functions y1 () and y2 () is given by:

()

n) | @) - e

yi(z)

Wy, y2) =

[l )

In the case of higher-order linear differential equations, the Wronskian generalizes to larger
determinants. The Wronskian plays a crucial role in the study of fundamental sets of
solutions for linear differential equations, ensuring that the solutions used to construct the
general solution are linearly independent.

The Wronskian has applications in a variety of contexts within the theory of differential
equations, such as second-order linear equations, systems of linear differential equations,
boundary value problems, and even higher-order differential equations. This thesis will
explore how the Wronskian can be used to verify linear independence, investigate the
uniqueness of solutions, and help construct general solutions.

In the context of differential equations, the Wronskian serves as a tool for determining
whether a set of solutions to a linear differential equation is linearly independent. For
a set of functions

{yl,y2,...,yn}\{y_1, y 2, \dots, y _n\}{yl,y2,...,yn}, the Wronskian is given by the
determinant of a matrix formed by these functions and their derivatives. Specifically, for
two functions y1(x)y_1(x)yl

(x) and y2(x)y_2(x)y2(x), their Wronskian is:

7. us ) () — yi(x)  yo(x)
W) =y @) yha)

If the Wronskian W(y1,y2)(x)W(y_1, y_2)(x)W(y1,y2)(x) is non-zero at some point Xx=x0x
= X_0x=x0, then the functions yly 1yl and y2y 2y2 are linearly independent. If the
Wronskian is zero, the functions are linearly dependent. The Wronskian is an essential
tool in the study of linear differential equations, offering valuable insights into the
structure of the solution space. It provides a method to verify the linear independence of
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solutions, helping construct the general solution of differential equations. The Wronskian
is used in second-order linear differential equations, higher-order equations, systems
of differential equations, and boundary value problems. Its applications extend to the
study of nonlinear differential equations, offering a robust framework for analyzing
complex systems. Understanding the

Wronskian and its applications is fundamental for solving differential equations in various
fields of science and engineering.

2.2 The Wronskian for Higher-Order Equations

For higher-order linear differential equations, the Wronskian generalizes. Consider an n2-th order linear

differential equation:
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The Wronskian for n solutions {y1(z), y2(z), .. ., yn(2)} is the determinant of the matrix whose first
column consists of the functions y1 (), y2(z), . . . , yn(2), and subsequent columns consist of their

derivatives up to order n — 1. The general form of the Wronskian for an n-th order equation is:

yi(x) Yo () sew Ypll)
vilz)  wa(2) Yu(2)
WY1, u2,- -5 9) (@) = | . , , ;
(n—1) (n—1) n—1)
g @) o e .. o )
If the Wronskian is non-zero, the set of functions {y; (z), y2(),. . ., Yn ()} is linearly independent,

and they form a fundamental set of solutions for t' (|, ifferential equation.

Conclusion

The Wronskian is a powerful and fundamental concept in the study of linear differential
equations, playing a crucial role in understanding the linear independence of solutions and
helping to construct the general solution to differential equations. As explored in this work,
the Wronskian is defined as a determinant formed from a set of functions and their
derivatives, which provides an elegant criterion to check the linear independence of
solutions to both ordinary and partial differential equations.

In the context of second-order linear differential equations, the Wronskian is particularly
useful. By examining the Wronskian of two solutions, one can determine whether those
solutions are linearly independent. If the Wronskian is non-zero, the solutions are
independent, thus forming a fundamental set from which the general solution can be
constructed. The behavior of the Wronskian is governed by specific differential equations,
such as W'(x)=—p(xX)W(X)W'(x) = -p(x)W(x)W'(x)=—p(x)W(x) for second-order equations,
which further supports its utility in the process of solving differential equations.
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Beyond second-order equations, the Wronskian extends to higher-order linear
differential equations and systems of equations, where it still serves as a tool for
determining the independence of a set of solutions. In these contexts, the Wronskian matrix
becomes larger,

capturing the relationships among multiple solutions, and ensuring that the solution space
is properly understood and represented.

In boundary value problems (BVPs), the Wronskian aids in verifying the uniqueness and
existence of solutions. Its role in ensuring that solutions satisfy given boundary conditions
makes it an indispensable part of solving both linear and nonlinear boundary value problems.
Additionally, while the Wronskian is primarily used in linear differential equations, its
generalizations have found applications in certain nonlinear systems, showcasing its
versatility.

Through this exploration, it becomes clear that the Wronskian is not merely a theoretical
tool but an essential technique in practical mathematical problem-solving. It provides
valuable insights into the structure of solution spaces and serves as a foundation for more
complex methods in the theory of differential equations. By allowing us to verify the linear
independence of solutions, the Wronskian aids in constructing complete solution sets and
facilitates the resolution of many problems in physics, engineering, and applied
mathematics.

In conclusion, the Wronskian remains an indispensable concept in the study of differential
equations, offering both theoretical depth and practical utility in solving problems related
to linear independence, general solutions, boundary value problems, and beyond. Its broad
applications in linear and nonlinear systems make it an essential concept for anyone working
in the field of differential equations, particularly in the modeling of dynamic systems across
various scientific disciplines.
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